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Part 1: 
 

checking for (quasi-)equilibrium  
via Maximum-Entropy Ensembles 

 



Complex (economic) systems over long times 
=> in or out of equilibrium? 

-  Large complex systems: direct microscopic description impossible 
and maybe noisy (e.g. like particles in a room); 

-  Identify robust macroscopic properties (e.g. total energy), assume 
all the rest is random (pause economic theory);  

-  Construct equilibrium model: treat the macroscopic properties as 
constraints, maximize the entropy and make inference on the 
microscopic state; 

-  Redo for multiple snapshots: If higher-order (w.r.t. constraints) 
properties are correctly replicated, your system is quasi-equilibrium 

-  Release theory: check whether the constraint (e.g. energy) is 
controlled by economic factors (e.g. temperature): if so, you have 
a functionally explicit microscopic model with an explanatory 
variable! 
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of higher-order 
poperties X  

subject to some 
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Choice 1 Choice 2 

time 

Example: 
same system, two choices of constraints 

time 

Transition from quasiequilibrium of model 1 (left panel, white) 
to quasi-equilibrium of model 2 (right panel, orange) 

via a non-equilibrium regime (blue): early-warning signal! 
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time 

Example: 
same system, two choices of constraints 

time 

Transition from quasiequilibrium of model 1 (left panel, white) 
to quasi-equilibrium of model 2 (right panel, orange) 

via a non-equilibrium regime (blue): early-warning signal! 

Real example: Dutch interbank network 1998-2008! 





Part 2: 
 

if sytems are at (quasi-)equilibrium,  
their structure can be 

reconstructed from 
partial information 

 
(i.e. from the “right” constraints) 

 



Crucial for estimating  
systemic risk:  

collapse of entire network 

Public:  
each bank’s total exposure towards the aggregate of all other banks 

Hidden:  
each bank’s individual exposure towards each single bank 

The challenge: reconstructing (interbank) 
networks from partial information 



Original network, O(N2) 
(unknown/hidden) 

Local properties, O(N) 
(known/public) 

? 

Can we statistically reconstruct  
the original structure in such a way that: 

 
1)  Privacy is protected 
2)  Higher-order effects are correctly predicted 

Our goal: 



Reconstruction from local information (constraints) 
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Equiprobable configurations: 

(must hold for all vertices simultaneously) 

Binary constraints: fixed degree sequence 

{ }ikC =
!

P(   )=P(   )=P(   ) 

Note: the resulting distribution is FERMI-DIRAC 



Result:  
good binary reconstruction 
of higher-order properties 

from degrees only 

Average nearest- 
neighbor degree 

Binary 
clustering coefficient 

R. Mastrandrea, T. Squartini, G. Fagiolo, D. Garlaschelli, New J. Phys. 16, 043022 (2014) 



Equiprobable configurations: 

Weighted constraints: fixed strength sequence 

{ }isC =
!

P(  )=P(  )=P(  ) 
      =P(  )=P(  ) 

1 

2 

3 
3 3 

4 
1 

1 

6 
2 2 

2 

(must hold for all vertices simultaneously) 

Note: the resulting distribution is BOSE-EINSTEIN 



Bad standard reconstruction (from strengths only) 

Average nearest- 
neighbor degree 

Average nearest- 
neighbor strength 

Binary 
clustering coefficient 

Weighted 
clustering coefficient 

R. Mastrandrea, T. Squartini, G. Fagiolo, D. Garlaschelli, New J. Phys. 16, 043022 (2014) 



Reason: poor binary reconstruction from strengths only 

Degree 

The naive expectation that aggregate weighted properties 
 are more informative than binary ones is incorrect! 

R. Mastrandrea, T. Squartini, G. Fagiolo, D. Garlaschelli, New J. Phys. 16, 043022 (2014) 



Doubling the constraints: degrees + strengths 
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[Garlaschelli & Loffredo, Phys. Rev. Lett. 102, 038701 (2009)] 

Note: the resulting distribution is BOSE-FERMI (mixed!) 

{ }ii skC ,=
!
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Traditional approach 
(from “strengths” only) 

New J. Phys. 16 (2014) 043022  R. Mastrandrea, T. Squartini, G. Fagiolo, D. Garlaschelli 

True (hidden) value 

Re
c

o
ns

tr
uc

te
d

 v
a

lu
e

 
Example: reconstructing the 

average exposure of neighboring banks 

Realized performance 

Perfect performance 



Enhanced method 
(from strengths + degrees) 

Traditional approach 
(from “strengths” only) 

New J. Phys. 16 (2014) 043022  R. Mastrandrea, T. Squartini, G. Fagiolo, D. Garlaschelli 
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Example: reconstructing the 
average exposure of neighboring banks 

Realized performance 
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Realized performance 

Perfect performance 



Enhanced reconstruction (from strengths and degrees) 

Average nearest- 
neighbor degree 

Average nearest- 
neighbor strength 

Binary 
clustering coefficient 

Weighted 
clustering coefficient 

R. Mastrandrea, T. Squartini, G. Fagiolo, D. Garlaschelli, New J. Phys. 16, 043022 (2014) 



Percolation 
 

(relative size of  
giant component vs 

occupation probability p) 
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Reconstructing systemic risk estimators 
Path length 

 

(distribution of 
shortest distances λ  

among pairs of nodes) 

Group DebtRank 
 

(total devaluation induced  
by an initial devaluation Φ) 

[Battiston et al. 2012] 

G. Cimini, T. Squartini, D. Garlaschelli, A. Gabrielli, Scientific Reports 5, 15758 (2015) 
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margins: OK,  topology: BAD 
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margins: OK,  topology: BAD 

G. Cimini, T. Squartini, D. Garlaschelli, A. Gabrielli, Sci.Rep. 15:15758 (2015) 

: true (unknown) 

: reconstructed from margins 

Enhanced method 
(from strengths + degrees) 

 
 
 
 
 
 
 
 
 
 
 

margins: OK, topology: OK 



Part 3: 
 

if sytems are at (quasi-)equilibrium,  
their structure can be 

modeled with 
explanatory variables 

 
(which should couple to the  

“right” constraints) 
 



-  Jan Tinbergen: 1s t Nobel Memorial Prize in 
Economics, 1969 

-  Leiden, 1929: PhD Thesis in physics 
“Minimumproblemen in de natuurkunde en 
economie” (supervisor P. Ehrenfest) 

The (simple) Gravity Model of international trade: 

Same story for international trade 

Simplest case: β≈-ϒ≈1, ε≈ 0    (as in Newton’s law) 

J. Tinbergen, Shaping the World Economy: suggestions for an international 
economic policy (the Twentieth Century Found, New York, 1962).  



G. Fagiolo, Journal of Economic Interaction and Coordination 5(1), 1-25 (2010). 

The Gravity Model works well for “non-zeroes” 

GDP alone 

distance alone 

GDP + distance 



… but: the International Trade Network (ITN) 
has a complex topology! 

Serrano, Boguna, Vespignani, J. Econ. Inter. Coord. 2007 



‘Against gravity’ 

Even if only the correct number of links (left panel) is placed 
where the “gravity” is stronger, the (density-induced) GM 

predicts too much assortativity (center) and clustering (right) 

=> ‘repulsion’ where ‘attraction’ is expected, and vice versa! 

Duenas & Fagiolo, LEM Working Paper, Scuola Superiore Sant’Anna, Pisa (2011) 



Replacing hidden variables with country GDP in the binary configuration 
model yields the Fitness Model (Caldarelli et al. PRL 2002) 

• Garlaschelli, Loffredo  Physical Review Letters 93, 188701 (2004) 
• Garlaschelli, Loffredo  Physica A 355, 138 (2005) 
• Garlaschelli, Loffredo  Physical Review E 78, 015101(R) (2008) 
• Garlaschelli, Di Matteo, Aste, Caldarelli, Loffredo  European Physical Journal B 57,159 (2007) 

GDP-driven model of Trade Network 



Adding weights: Enhanced Gravity Model 

  Almog, Bird, Garlaschelli, http://arxiv.org/abs/1506.00348 (2015). 



  Almog, Bird, Garlaschelli, http://arxiv.org/abs/1506.00348 (2015). 

GM 
EGM 

Adding weights: Enhanced Gravity Model 



Part 4: 
 

if sytems are out of equilibrium,  
reconstruction and modelling 

are unreliable… 
 

…but may still be crucial to build  
early-warning signals 



Size & density 

Dutch banks: signs of the crisis? 
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Size & density 

Dutch banks: signs of the crisis? 

1998|1999|2000|2001|2002|2003|2004|2005|2006|2007|2008 
 

No sign of crisis? 
 

Maybe not visible from purely topological quantities? 



Homogeneous benchmark/null model 
Controlling for overall size and density of the network  

(random graph) 

Comparing observed (X) and randomized (<X>) properties: 

z-score  

C = L
Constraint: 

number of links  
(and nodes) 

T. Squartini, I. van Lelyveld, D. Garlaschelli, Sci. Rep. 3 (2013) 3357 



Full dyads 
(reciprocated) 

Single dyads 
(non-reciprocated) 

Empty dyads 
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Seeing the crisis? 
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Heterogeneous benchmark 
Controlling for different connectivities of banks: 

heterogeneous benchmark/null model 

z-score  

T. Squartini, I. van Lelyveld, D. Garlaschelli, Sci. Rep. 3 (2013) 3357 
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  …  seeing 
the crisis? 

C = L
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Foreseeing 
the crisis? 
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Heterogeneity (= “right” constraints) matters! 

As seen from a homogeneous benchmark, 
the collapse appears sudden (abrupt transition) 

As seen from a heterogeneous benchmark, 
the collapse appears gradual (continuous transition) 

Note: the measured quantities are the same in the 
two cases; what changes is their expected value! 

T. Squartini, I. van Lelyveld, D. Garlaschelli, Sci. Rep. 3 (2013) 3357 



From dyads to triads 
OTC markets: underestimation of counterparty risk 

A (lends to B and C) 

C (lends to B, but A doesn’t know)  B  

A is (hopefully) prepared to the direct effect of B’s default, 
but not to the indirect effects of B’s default through C. 



From dyads to triads 

1998|1999|2000|2001|2002|2003|2004|2005|2006|2007|2008 
 

C = L

A (lends to B and C) 

C (lends to B, but A doesn’t know)  B  

A is (hopefully) prepared to the direct effect of B’s default, 
but not to the indirect effects of B’s default through C. 

OTC markets: underestimation of counterparty risk 

z-
sc

o
re

  



From dyads to triads 

1998|1999|2000|2001|2002|2003|2004|2005|2006|2007|2008 
 


C = ki

in,ki
out{ }

1998|1999|2000|2001|2002|2003|2004|2005|2006|2007|2008 
 

C = L

A (lends to B and C) 

C (lends to B, but A doesn’t know)  B  

A is (hopefully) prepared to the direct effect of B’s default, 
but not to the indirect effects of B’s default through C. 

OTC markets: underestimation of counterparty risk 

z-
sc

o
re

  



From dyads to triads 

1998|1999|2000|2001|2002|2003|2004|2005|2006|2007|2008 
 


C = ki

in,ki
out,ki

both{ }

1998|1999|2000|2001|2002|2003|2004|2005|2006|2007|2008 
 


C = ki

in,ki
out{ }

1998|1999|2000|2001|2002|2003|2004|2005|2006|2007|2008 
 

C = L

(for triads, we need to filter out dyadic effects) 

A (lends to B and C) 

C (lends to B, but A doesn’t know)  B  

A is (hopefully) prepared to the direct effect of B’s default, 
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Debt loops: ‘risk autocatalysis’? 

Decreasing reciprocity = increasing  systemic risk 

Circular lending loops:  
increased dependencies among default probabilities 



Debt loops: ‘risk autocatalysis’? 

Decreasing reciprocity = increasing  systemic risk 

Circular lending loops:  
increased dependencies among default probabilities 

Most dangerous 
pattern? 
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ALL TRIADS 

z-score:  Significance profile:  
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Comparison with International Trade Network:  
quasi-stationary all the way (1950-2000) 

DCM RCM 

Collapse: almost a quasi-
equilibrium network 

Only unexplained pattern 
(as expected from  

Granovetter’s argument): 



In/out equilibrium: take-home messages 
 
-  Maximum-Entropy Ensembles are powerful to check for 

(quasi-)equilibrium and identify the “right” constraints; 

-  Economic networks are not well replicated/modeled without 
imposing local topological constraints (=“right” constraints); 

-  The international trade network is largely at (quasi-)equilibrium, 
and can be modeled by coupling the GDP and/or distances to 
the right constraints (improving upon gravity model); 

 
-  Interbank networks at (quasi-)equilibrium can be reconstructed 

reliably (along with their systemic risk) from the right constraints 

-  As crises approach, interbank network reconstruction is unreliable 
and actually prevents from detecting early-warning signals; 

-  Still, the comparison with the “right” (quasi-)equilibrium model is 
crucial to create the early-warning signal itself. 


